Cardinality of Wellordered Disjoint Unions of Quotients of Smooth
  Equivalence Relations by Chan, William & Jackson, Stephen
ar
X
iv
:1
90
3.
03
90
2v
1 
 [m
ath
.L
O]
  1
0 M
ar 
20
19
CARDINALITY OF WELLORDERED DISJOINT UNIONS OF QUOTIENTS OF
SMOOTH EQUIVALENCE RELATIONS
WILLIAM CHAN AND STEPHEN JACKSON
Abstract. Assume ZF+ AD+ + V = L(P(R)). Let ≈ denote the relation of being in bijection. Let κ ∈ ON
and 〈Eα : α < κ〉 be a sequence of equivalence relations on R with all classes countable and for all α < κ,
R/Eα ≈ R. Then the disjoint union
⊔
α<κ R/Eα is in bijection with R×κ and
⊔
α<κ R/Eα has the Jo´nsson
property.
Assume ZF+ AD+ + V = L(P(R)). A set X ⊆ [ω1]<ω1 has a sequence 〈Eα : α < ω1〉 of equivalence
relations on R such that R/Eα ≈ R and X ≈
⊔
α<ω1
R/Eα if and only if R ⊔ ω1 injects into X.
Assume AD. Suppose R ⊆ [ω1]ω × R is a relation such that for all f ∈ [ω1]ω , Rf = {x ∈ R : R(f, x)}
is nonempty and countable. Then there is an uncountable X ⊆ ω1 and function Φ : [X]ω → R which
uniformizes R on [X]ω: that is, for all f ∈ [X]ω, R(f,Φ(f)).
Under AD, if κ is an ordinal and 〈Eα : α < κ〉 is a sequence of equivalence relations on R with all classes
countable, then [ω1]ω does not inject into
⊔
α<κ R/Eα.
1. Introduction
The original motivation for this work comes from the study of a simple combinatorial property of sets
using only definable methods. The combinatorial property of concern is the Jo´nsson property: Let X be any
set. For each n ∈ ω, let [X ]n= = {f ∈
nX : (∀i, j ∈ n)(i 6= j ⇒ f(i) 6= f(j))}. Let [X ]<ω= =
⋃
n∈ω[X ]
n
=. A
set X has the Jo´nsson property if and only if for every function F : [X ]<ω= → X , there is some Y such that
Y ≈ X (where ≈ denotes the bijection relation) so that F [[Y ]<ω= ] 6= X . That is, F can be made to miss at
least one point in X when restricted to the collection of finite unequal tuples of some subset Y of X of the
same cardinality as X .
Under the axiom of choice, if there is a set with the Jo´nsson property, then large cardinal principles such
as 0♯ hold. Using a measurable cardinal, one can construct models of ZFC in which 2ℵ0 is Jo´nsson and is not
Jo´nsson. Hence assuming the consistency of some large cardinals, the Jo´nsson property of 2ℵ0 is independent
of ZFC. Using AC, the sets R, R ⊔ ω1, R× ω1, and R/E0 are all in bijection. (E0 is the equivalence relation
defined on R = ω2 by x E0 y if and only if (∃m)(∀n ≥ m)(x(n) = y(n)).)
From a definability perspective, the sets R, R × ω1, R ⊔ ω1, and R/E0 do not have definable bijections
without invoking definable wellorderings of the reals which can exist in canonical inner models like L but in
general can not exist if the universe satisfies more regularity properties for sets of reals. For example, there
are no injections of R/E0 into R that is induced by a ∆
1
1 reduction Φ : R→ R of the = relation into the E0
equivalence relation. Such results for the low projective pointclasses can be extended to all sets assuming the
axiom of determinacy, AD. Methods that hold in a determinacy setting are often interpreted to be definable
methods. Moreover, the extension of AD called AD+ captures this definability setting even better since AD+
implies all sets of reals have a very absolute definition known as the ∞-Borel code.
Kleinberg [13] showed that ℵn has the Jo´nsson property for all n ∈ ω under AD. [9] showed that under
ZF + AD + V = L(R), every cardinal below Θ has the Jo´nsson property. (Woodin showed that AD+ alone
can prove this result.)
Holshouser and Jackson began the study of the Jo´nsson property for nonwellorderable sets under AD such
as R. In [8], they showed that R and R ⊔ ω1 have the Jo´nsson property. They also showed, using that fact
that all κ < Θ have the Jo´nsson property, that R × κ is Jo´nsson. [3] showed that R/E0 does not have the
Jo´nsson property.
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Holshouser and Jackson then asked if the Jo´nsson property of sets is preserved under various operations.
The disjoint union operation will be the main concern of this paper: If κ ∈ ON and 〈Xα : α < κ〉 is a sequence
of sets with the Jo´nsson property, then does the disjoint union
⊔
α<κXα have the Jo´nsson property? (Here⊔
will always refer to a formal disjoint union in constract to the ordinary union
⋃
.) More specifically, does
a disjoint union of sets, each in bijection with R, have the Jo´nsson property? The determinacy axioms are
particular helpful for studying sets which are surjective images of R. Hence, a natural question would be if
〈Eα : α < κ〉 is a sequence of equivalence relations on R such that for each α, R/Eα is in bijection with R,
then does
⊔
α<κ R/Eα have the Jo´nsson property? An equivalence relation E on R is called smooth if and
only if if R/E is in bijection with R. (Note that this term is used differently than the ordinary Borel theory
which would define E to be smooth if R/E injects into R. This will be refered as being weakly smooth.)
∆11 equivalence relations with all classes countable are very important objects of study in classical invariant
descriptive set theory. One key property that make their study quite robust is the Lusin-Novikov countable
section uniformization, which for instance, can prove the Feldman-Moore theorem. [2] attempted to study
the Jo´nsson property for disjoint unions of smooth equivalence relations with all classes countable. It was
shown in [2] that if 〈Eα : α < κ〉 is a sequence of equivalence relations with all classes countable (not
necessarily smooth) and F : [
⊔
α<κ R/Eα]
<ω
= →
⊔
α<κ R/Eα, then there is a perfect tree p on 2 so that
F
[
[
⊔
α<κ
[p]/Eα]
<ω
=
]
6=
⊔
α<κ
R/Eα.
(Here R refers to the Cantor space ω2.) This “psuedo-Jo´nsson property” would imply the true Jo´nsson
property if
⊔
α<κ[p]/Eα is in bijection with
⊔
α<κ R/Eα. In general for nonsmooth equivalence relations,
this can not be true since, for example, E0 is an equivalence relation with all classes countable and R/E0 is
not Jo´nsson ([3]). When each Eα is the identity relation =, then one can demonstrate these two sets are in
bijection. This ([2]) shows that R× κ has the Jo´nsson property, where κ is any ordinal, using only classical
descriptive set theoretic methods and does not rely on any combinatorial properties of the ordinal κ.
[2] asked if 〈Eα : α < κ〉 consists entirely of smooth equivalence relations on R with all classes countable
and p is any perfect tree on 2, then is
⊔
α<κ R/Eα and
⊔
α<κ[p]/Eα in bijection? Do such disjoint unions have
the Jo´nsson property? The most natural attempt to show that wellordered disjoint unions of quotients of
smooth equivalence relations with all classes countable is Jo´nsson would be to show it is, in fact, in bijection
with R× κ, which has already been shown to possess the Jo´nsson property.
The computation of the cardinality of wellordered disjoint unions of quotients of smooth equivalence
relations on R with all classes countable is the main result of the paper. Under AD+, any equivalence
relation on R has an ∞-Borel code. However, for the purpose of this paper, given a sequence of equivalence
relations 〈Eα : α < κ〉 on R, one will need to uniformly obtain ∞-Borel codes for each Eα. It is unclear if
this is possible under AD+ alone. For the purpose of obtaining this uniformity of ∞-Borel codes, one will
need to work with natural models of AD+, i.e. the axiom system ZF+ AD+ + V = L(P(R)).
It should be noted that the assumption that each equivalence relation has all classes countable is very
important. Analogous to the role of the Lusin-Novikov countable section uniformization in the classical
setting, Woodin’s countable section uniformization under AD+ will play a crucial role.
There are some things that can be said about
⊔
α<κ R/Eα when 〈Eα : α < κ〉 is a sequence of smooth
equivalence relation (with possibily uncountable classes). It is immediate that
⊔
α<κ R/Eα will contain a
copy of ω1 ⊔ R. Hence ω1 ⊔ R is a lower bound on the cardinality of disjoint unions of quotients of smooth
equivalence relations. An example of Holshouser and Jackson (Fact 4.2) produces a sequence 〈Fα : α < ω1〉
of smooth equivalence relations such that
⊔
α<ω1
R/Fα is in bijection with ω1 ⊔ R. So this lower bound is
obtainable. In fact, in natural models of AD+, if a set X ⊆ [ω1]<ω1 contains a copy of R⊔ω1, then it can be
written as an ω1-length disjoint union of quotients of smooth equivalence relations:
Theorem 6.1 Assume ZF+ AD+ + V = L(P(R)). Suppose X ⊆ [ω1]<ω1 and R ⊔ ω1 injects into X. Then
there exists a sequence 〈Eα : α < ω1〉 of smooth equivalence relations on R so that X is in bijection with⊔
α<ω1
R/Eα.
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Therefore, X ⊆ [ω1]<ω1 has a sequence 〈Eα : α < ω1〉 of smooth equivalence relations such that X ≈⊔
α<ω1
R/Eα if and only if R ⊔ ω1 injects into X.
R × κ is a disjoint union coming from 〈Eα : α < κ〉 where each Eα is the = relation, which is an
equivalence relation with all classes countable. However, the proof of Theorem 6.1 uses equivalence relations
with uncountable classes. Intuitively, it seems that R⊔ω1, [ω1]ω, and [ω1]<ω1 should not be obtainable using
equivalence relations with countable classes. This motivates the conjecture that if 〈Eα : α < κ〉 is a sequence
of smooth equivalence relations with all classes countable then the cardinality of
⊔
α<κ R/Eα is R× κ.
Woodin [15] showed that there is elaborate structure of cardinals below [ω1]
<ω1 . Theorem 6.1 shows that
every cardinal above ω1⊔R and below [ω1]<ω1 is a disjoint union of quotients of smooth equivalence relations.
A success in Holshouser and Jackson’s original goal of establishing the closure of the Jo´nsson property under
disjoint union would yield the Jo´nsson property for many cardinals below [ω1]
<ω1 . On the other hand, it
difficult to see how one could establish the Jo´nsson property for every set that appears in this rich cardinal
structure using solely the manifestation of these sets as a disjoint union of quotients of smooth equivalence
relations.
The main tool for computing the cardinal of wellordered disjoint union of quotients of smooth equivalence
relations with all countable classes is the Woodin’s perfect set dichotomy which generalizes the Silver’s di-
chotomy for Π11 equivalence relations. This perfect set dichotomy states that under AD
+, for any equivalence
relation E on R, either (i) R/E is wellorderable or (2) R injects into R/E. Section 3 is dedicated to proving
this result. A detailed analysis of the proof of this result will be needed for this paper. The proof for case (i)
yields a uniform procedure which takes an ∞-Borel code for E and gives a wellordering of R/E. Moreover it
shows that in this case, R/E ⊆ ODS , where S is the ∞-Borel code for E. Under ZF+ AD+ + V = L(P(R)),
this will give a more general countable section uniformization (Fact 3.4). It will be seen that in the proof of
case (ii), the injection of R will depend on certain parameters. If these parameters could be found uniformly
for each equivalence relation from the sequence 〈Eα : α < κ〉, then the proof in case (ii) can uniformly
produce injections of R into each R/Eα. Together, one would get an injection of R× κ into
⊔
α<κ R/Eα. In
general this can not be done; for instance using the example from Fact 4.2. However, this can be done when
all the equivalence relations are smooth and have all classes countable then one can prove the following:
Theorem 4.5 Assume ZF+ AD+ + V = L(P(R)). Let κ ∈ ON and 〈Eα : α < κ〉 be a sequence of smooth
equivalence relations on R with all classes countable. Then R× κ injects into
⊔
α<κR/Eα.
This shows that R× κ is a lower bound for the cardinal of
⊔
α<κ R/Eα.
Section 5 will provide the proof of the relevant half of Hjorth’s generalized E0-dichotomy. Again, what is
important from this result is the observation that if R/E0 does not inject into R/E, then there is a wellordered
separating family for E defined uniformly from the ∞-Borel code for E. If ZF+ AD+ + V = L(P(R)) holds,
then one has a uniform sequence of ∞-Borel codes for the sequence of equivalence relations 〈Eα : α < κ〉,
where each Eα is smooth. Using the argument of Hjorth’s dichotomy, one obtains uniformly a separating
family for each Eα. This gives a sequence of injections of each R/Eα into P(δ) where δ is a possibly very
large ordinal. If 〈Eα : α < κ〉 consists entirely of equivalence relations with all classes countable, then the
generalized countable section uniformization can be used to uniformly obtain a selector for each R/Eα. This
gives the desired injection into R× κ:
Theorem 5.4 Assume ZF+ AD+ + V = L(P(R)). Let κ be an ordinal and 〈Eα : α < κ〉 be a sequence of
smooth equivalence relations on R with all classes countable. Then there is an injection of
⊔
α<κ R/Eα into
R× κ.
Theorem 5.8 Assume ZF+ AD+ + V = L(P(R)). Let κ ∈ ON and 〈Eα : α < κ〉 be a sequence of smooth
equivalence relations on R with all classes countable. Then
⊔
α<κR/Eα ≈ R× κ and hence
⊔
α<κ R/Eα has
the Jo´nsson property.
Many of the results of [2] concerning the Jo´nsson property of disjoint unions of quotients of equivalence
relations on R with all classes countable were originally proved under AD+ using (full) countable section
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uniformization for relations on [ω1]
ω × R. However, most of the results held in merely AD by using just a
form of almost-full uniformization, for example comeager uniformization for relations on R× R.
[ω1]
ω is the collection of increasing functions f : ω → ω1. [2] proved under AD
+ that [ω1]
ω does not inject
into
⊔
α<κR/Eα when 〈Eα : α < κ〉 is a sequence of equivalence relations on R with all classes countable.
(Of course, Theorem 5.8 asserts that such a disjoint union is in bijection with R× κ under the assumption
ZF+ AD+ + V = L(P(R)).) The key ingredient is the ability to uniformize relations R ⊆ [ω1]ω × R such
that for all f ∈ [ω1]ω, Rf = {x ∈ R : R(f, x)} is nonempty and countable. Such a full uniformization is
provable under AD+. A careful inspection of the argument will show that one only needs to uniformize this
relation on some Z ⊆ [ω1]ω such that Z ≈ [ω1]ω to show that no such injection exists. Question 4.21 of [2]
asks whether such an almost full uniformization is provable in AD.
It should be noted that if one drops the demand that Rf be countable, then one cannot prove this in
general. (See the discussion in Section 7.) The final section will show that such an almost full countable
section uniformization for relations on [ω1]
ω × R is provable in AD:
Theorem 7.4 (ZF + AD) Let R ⊆ [ω1]
ω × R be such that for all f ∈ [ω1]
ω, Rf is nonempty and countable.
Then there exists some uncountable X ⊆ ω1 and function Ψ which uniformizes R on [X ]ω: For f ∈ [X ]ω,
R(f,Ψ(f)).
Corollary 7.5 (ZF + AD) Let 〈Eα : α < κ〉 be a sequence of equivalence relations on R with all classes
countable, then [ω1]
ω does not inject into
⊔
α<κ R/Eα.
These methods also show that for an arbitrary function Φ : [ω1]
ω → R, one can find some uncountable
X ⊆ ω1 and some reals σ and w so that Φ(f) ∈ L[σ,w, f ], for all f ∈ [X ]
ω:
Theorem 7.6 (ZF + AD). Let Φ : [ω1]
ω → R be a function. Then there is an uncountable X ⊆ ω1, reals
σ,w ∈ R, and a formula φ so that for all f ∈ [X ]ω, Φ(f) ∈ L[σ,w, f ] and for all z ∈ R, z = Φ(f) if and only
if L[σ,w, f, z] |= φ(σ,w, f, z).
2. Basics
Definition 2.1. Let S be a set of ordinals and ϕ be a formula in the language of set theory. (S, ϕ) is called
an∞-Borel code. For each n ∈ ω, Bn(S,ϕ) = {x ∈ R
n : L[S, x] |= ϕ(S, x)} is the subset of Rn coded by (S, ϕ).
A set A ⊆ Rn is ∞-Borel if and only if A = Bn(S,ϕ) for some ∞-Borel code (S, ϕ). (S, ϕ) is called an
∞-Borel code for A.
Definition 2.2. ([16] Section 9.1) AD+ consists of the following statements:
(1) DCR.
(2) Every A ⊆ R has an ∞-Borel code.
(3) For every λ < Θ, A ⊆ R, and continuous function π : ωλ→ R, π−1[A] is determined.
Models of the theory ZF+ AD+ + V = L(P(R)) are known as natural models of AD+. Natural models of
AD
+ have several desirable properties. Woodin has shown that these models take one of two forms.
Fact 2.3. (Woodin, [1] Section 3.1) Suppose ZF+ AD+ + V = L(P(R)). If ADR fails, then there is a set of
ordinals J so that V = L(J,R).
If V = L(J,R) for some set of ordinals J , then it is clear that every set is ordinal definable from J and a
real. That is, every set is ordinal definable from some set of ordinals. This is also true in natural models of
AD
+ in which ADR holds:
Fact 2.4. (Woodin, [1] Theorem 3.3) Assume ZF+ AD+ + ADR + V = L(P(R)). Then every set is OD
from some element of
⋃
λ<Θ Pω1(λ).
Fact 2.5. (Woodin, [1] Theorem 3.4) Assume ZF+ AD+ + V = L(P(R)). Let S be a set of ordinals. If
A ⊆ R is ODS, then A has an ODS ∞-Borel code.
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Definition 2.6. If x, y ∈ R, x ≤T y indicates x is Turing reducible to y. x ≡T y denotes x ≤T y and
y ≤T x. If x ∈ R, then [x]T denotes the equivalence class of x under ≡T . Let D denote the collection of ≡T
equivalence classes.
For X,Y ∈ D, define X ≤T Y if and only if for all x ∈ X and y ∈ Y , x ≤T y. U ⊆ D contains a Turing
cone with base X ∈ D if and only if for all Y ∈ D, X ≤T Y implies that Y ∈ U .
Let µ ⊆ P(D) be defined by U ∈ µ if and only if µ contains a Turing cone. Under AD, µ is a countably
complete ultrafilter on D. µ is called the Martin’s measure.
Fact 2.7. (Woodin, [1] Section 2.2) ZF+ AD+ proves
∏
X∈DON/µ is wellfounded.
Definition 2.8. For n ∈ ω and a set of ordinals S, let nOS denote the collection of nonempty ODS subsets
of Rn. (1OS will be denoted by OS .)
For p, q ∈ nOS , let p ≤nOS q if and only if p ⊆ q. Let 1nOS = R
n. (nOS ,≤nOS , 1nOS ) is the n-dimensional
S-Vopeˇnka’s forcing.
By using an S-definable bijection of the collection of ODS sets with ON, nOS can be considered as a set
of ordinals. In this way, the forcing nOS is a forcing belonging to HODS .
For each m ∈ ω, let bm ∈ OS be defined as {x ∈ R : m ∈ x}. Let τ = {(mˇ, bm) : m ∈ ω}. τ is an OS-name
for a real. (Similar definition exists for all nOS .)
Fact 2.9. (Vopeˇnka’s theorem) Let M be a transitive inner model of ZF. Let S ∈M be a set of ordinals.
For all x ∈ RM , there is an OMS -generic filter over HOD
M
S , Gx ∈M , so that τ [Gx] = x.
Suppose K is an ODMS -set of ordinals and ϕ is a formula. Let N be some transitive inner model with
HODMS ⊆ N . Suppose p = {x ∈ R : L[K,x] |= ϕ(K,x)} is a condition of O
M
S (i.e. is nonempty). Then
N |= p OM
S
L[Kˇ, τ ] |= ϕ(Kˇ, τ).
Proof. A proof of this can be found among [10] Theorem 15.46, [7] Theorem 2.4, or [4] Fact 2.7. 
Fact 2.10. Let M be an inner model of ZF. Let S ∈M be a set of ordinals. Let N be an inner model of ZF
such that N ⊇ HODMS . Let n ≥ 1 be a natural number. Suppose (g0, ..., gn−1) is an nO
M
S -generic real over
N . Then each g0, ..., gn−1 is O
M
S -generic over N .
Proof. This is straightforward. See [4] Fact 2.8 for details. 
Definition 2.11. Suppose X and Y are sets. X ≈ Y indicates that there is a bijection between X to Y .
Definition 2.12. Let E be an equivalence relation on R. E is smooth if and only if R/E ≈ R. E is weakly
smooth if and only if R/E injects into R.
Under AD by the perfect set property, E is weakly smooth if and only if R/E is either countable or in
bijection with R.
(From the theory of Borel equivalence relations, “smooth” would usually refer to what is called weakly
smooth above. In this article, one will reserve the term “smooth” for equivalence relations on R whose
quotients are in bijection with R.)
3. Perfect Set Dichotomy and Wellorderable Section Uniformization
The Silver’s dichotomy states the every Π11 equivalence relation E on R has countably many equivalence
classes (R/E is hence wellorderable) or E has a perfect set of pairwise E-inequivalent elements (R injects
into R/E). Woodin’s perfect set dichotomy states: under AD+, for every equivalence relation E on R, either
R/E is wellorderable or E has a perfect set of E-inequivalent elements. As a consequence, every set which is
a surjective image of R, either the set contains a copy of R or is wellorderable. In natural models of AD+, [1]
showed that every set either has a copy of R or is wellorderable. Moreover, a consequence of the proof shows
roughly that every wellorderable OD set contains only OD elements. This immediately yields wellorderable
section uniformization for rather general relations (on sets) with each section wellorderable. This generalizes
Woodin’s countable section uniformization for relations on R× R.
This section will provide a proof of Woodin’s perfect set dichotomy and the wellorderable section uni-
formization. An observation about the uniformity of the proof of the perfect set dichotomy will be necessary
for studying disjoint unions of quotients of smooth equivalence relations with all classes countable. Later
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countable section uniformization (for relations on P(δ)× R where δ ∈ ON) will also be needed. All results
found in this section are due to Woodin or the authors of [1].
Definition 3.1. Let E be an equivalence relation on R. An E-component is a nonempty set A so that for
all x, y ∈ A, x E y. (An E-component is just a nonempty subset of an E-class.)
Theorem 3.2. (Woodin) Assume ZF+ AD+. Let E be an equivalence relation on R. Then either
(i) R/E is wellorderable.
(ii) R injects into R/E.
Proof. Silver [14] proved theΠ11 version of this result. Harrington [6] produced a proof of this result using the
Gandy-Harrington forcing of nonempty Σ11 subsets of R. This proof will replace Gandy-Harrington forcing
with the Vopeˇnka forcing of nonempty OD subsets of R. Arguments from [11] Chapter 10 and [7] will be
adapted.
Using AD+, let (S, ϕ) be an ∞-Borel code for E. In all models considered in this proof, E will always be
understood to be the set defined by (S, ϕ).
Note that if x ≡T y, then L[S, x] = L[S, y], HOD
L[S,x]
S = HOD
L[S,y]
S , and the canonical global wellordering
of HOD
L[S,x]
S and HOD
L[S,y]
S are the same. Therefore, for eachX ∈ D, let L[S,X ] = L[S, x] and HOD
L[S,X]
S =
HOD
L[S,x]
S for any x ∈ X .
(Case I) For all X ∈ D, for all a ∈ RL[S,X], there is an OD
L[S,X]
S E-component A ∈ O
L[S,X]
S containing a.
For each F ∈
∏
X∈D ω1/µ, define AF as follows: Let f : D → ω1 be such that f ∈ F , i.e. is a representative
for F under the relation∼ of µ-almost equality. For a ∈ R, a ∈ AF if and only if on a Turing cone of X ∈ D, a
belongs to the f(X)th E-component in O
L[S,X]
S according to the canonical global wellordering of HOD
L[S,X]
S .
(This f(X)th set is said to be ∅ if there is no f(X)th E-component in O
L[S,X]
S .) AF is well defined in the
sense that it is independent of the chosen representative.
AF is an E-component: Suppose a, b ∈ AF and ¬(a E b). Pick f ∈ F . Since a, b ∈ AF , there is some
Z ≥T [a⊕b]T so that for allX ≥T Z, a and b belong to the f(X)th E-component inO
L[S,X]
S . This would imply
that a E b holds in L[S,X ]. Since E is defined by the ∞-Borel code (S, ϕ), L[S,X ] |= L[S, a, b] |= ϕ(S, a, b).
Then V |= L[S, a, b] |= ϕ(S, a, b). Hence V |= a E b. Contradiction.
For all a ∈ R, a belongs to some AF : Let f : D → ω1 be defined as follows: For all X ≥T [a]T , let f(X) be
the least α so that a belongs to the αth E-component of O
L[S,X]
S . Such an α exists by the Case I assumption.
If F = [f ]∼, then a ∈ AF .
By Fact 2.7,
∏
X∈D ω1/µ is wellfounded. Hence 〈AF : F ∈
∏
X∈D ω1/µ〉 is a wellordered sequence of
E-components so that every a ∈ R belongs to some AF .
Let BF be the E-closure of AF . 〈BF : F ∈
∏
X∈D ω1/µ〉 is a surjection of a wellordered set onto the
collection of E-classes. By removing duplicates by canonically choosing the least index for each E-class, one
obtains a bijection 〈Cα : α < δ〉 of some δ ∈ ON onto the collection of E-classes. Note for later purposes
that 〈Cα : α < δ〉 is obtained uniformly from the ∞-Borel code (S, ϕ). Moreover, each Cα is ODS .
(Case II) There exists an X ∈ D and a ∈ RL[S,X] which does not belong to any OD
L[S,X]
S E-component
of O
L[S,X]
S .
Let u be the set of x ∈ RL[S,X] that does not belong to any E-component in O
L[S,X]
S . The set u is
nonempty by the case II assumption and is OD
L[S,X]
S . Hence u ∈ O
L[S,X]
S .
Claim 1: HOD
L[S,X]
S |= (u, u) OL[S,X]
S
×O
L[S,X]
S
¬(τL E τR), where τL and τR are the canonical O
L[S,X]
S ×
O
L[S,X]
S -names for the evaluation of the O
L[S,X]
S -name τ according the left and right O
L[S,X]
S -generic coming
from an O
L[S,X]
S ×O
L[S,X]
S -generic.
To see this, suppose not. Then there is some (v, w) ≤
O
L[S,X]
S
×O
L[S,X]
S
(u, u) so that HOD
L[S,X]
S |=
(v, w) 
O
L[S,X]
S
×O
L[S,X]
S
τL E τR.
Subclaim 1.1: If G0 and G1 are O
L[S,X]
S -generic over HOD
L[S,X]
S containing v (but not necessarily mutually
generic), then τ [G0] E τ [G1].
To prove Subclaim 1.1: Since AD implies ωV1 is inaccessible in every inner model of ZFC, O
L[S,X]
S and its
power set in HOD
L[S,X]
S is countable in V . Hence, for any G0 and G1 which are O
L[S,X]
S -generic filters over
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HOD
L[S,X]
S containing the condition v, there exists an H which is O
L[S,X]
S -generic over HOD
L[S,X]
S [G0] and
HOD
L[S,X]
S [G1] containing the condition w. Then by the forcing theorem, HOD
L[S,X]
S [G0][H ] |= τ [G0] E τ [H ]
and HOD
L[S,X]
S [G1][H ] |= τ [G1] E τ [H ]. Since E is defined by the ∞-Borel code (S, ϕ), this means
HOD
L[S,X]
S [G0][H ] |= L[S, τ [G0], τ [H ]] |= ϕ(S, τ [G0], τ [H ])
HOD
L[S,X]
S [G1][H ] |= L[S, τ [G1], τ [H ]] |= ϕ(S, τ [G1], τ [H ]).
But then
V |= L[S, τ [G0], τ [H ]] |= ϕ(S, τ [G0], τ [H ])
V |= L[S, τ [G1], τ [H ]] |= ϕ(S, τ [G1], τ [H ])
This means V |= τ [G0] E τ [H ] and V |= τ [G1] E τ [H ]. Therefore, V |= τ [G0] E τ [G1].
Note that there exists a, b ∈ v so that ¬(a E b) since otherwise v would be an E-component in O
L[S,X]
S .
Since v ⊆ u, this contradicts the definition of u. Let p = (v × v) \ E. p is a nonempty OD
L[S,X]
S subset of
R2. Hence p ∈ 2O
L[S,X]
S .
Let τ2 denote the canonical name for the element of R2 added by 2O
L[S,X]
S . Let τ
2
0 and τ
2
1 be the
canonical name for the first and second coordinate of τ2, respectively. Let G be 2O
L[S,X]
S -generic over
HOD
L[S,X]
S containing p. Since p ≤2OL[S,X]S
q, q ∈ G. Since E has (S, ϕ) as its ∞-Borel code, the condition
q = {(x, y) ∈ (R2)L[S,X] : ¬(x E y)} can be expressed in the form for which the last statement of Fact 2.9
applies. Hence ¬(τ20 [G] E τ
2
1 [G]). However Fact 2.10 states that τ
2
0 [G] and τ
2
1 [G] are the canonical reals
added by some O
L[S,X]
S -generic filter over HOD
L[S,X]
S . Subclaim 1.1 implies τ
2
0 [G] E τ
2
1 [G]. Contradiction.
This proves Claim 1.
Again by AD, O
L[S,X]
S × O
L[S,X]
S and its power set are countable in V . Fix an enumeration (Dn : n ∈ ω)
of all the dense open subsets of O
L[S,X]
S ×O
L[S,X]
S that belong to HOD
L[S,X]
S . By always using the canonical
wellordering of HOD
L[S,X]
S to make selections, the routine argument canonically produces a perfect tree
so that the O
L[S,X]
S -generics over HOD
L[S,X]
S containing the condition u along any two different paths are
mutually O
L[S,X]
S -generic over HOD
L[S,X]
S . Using Claim 1, the collection of reals added by generic filters
along paths of the perfect tree forms a perfect set of pairwise E-inequivalent reals.
For later purpose of this paper, note that once one chooses an X ∈ D witnessing Case II and the
enumeration (Dn : n ∈ ω) of the dense open subsets of O
L[S,X]
S × O
L[S,X]
S in HOD
L[S,X]
S , the embedding of
R into R/E is given by the explicit procedure above. 
Fact 3.3. Assume ZF + AD+. If E is an equivalence relation on R with ∞-Borel code (S, ϕ) and R does
not inject into the quotient R/E, then R/E ⊆ ODS. In particular, if A ⊆ R is a countable set of reals with
∞-Borel code (S, ϕ), then A ⊆ HODS.
Assume ZF+ AD+ + V = L(P(R)). Suppose S is a set of ordinals. If E is an ODS equivalence relation
on R and R does not inject into R/E, then R/E ⊆ ODS. In particular, A ⊆ R is a countable ODS set of
reals, then A ⊆ HODS.
Assume ZF+ AD+ + V = L(P(R)). If A is any ODS set such that R does not inject into A, then A ⊆ ODS
and hence wellorderable.
Proof. First work in AD+, the first statement comes from the observation at the end of the Case I argument
in Theorem 3.2 that the sequence 〈Cα : α < δ〉 is ODS , produced uniformly from (S, ϕ), and each Cα ∈ ODS .
If A ⊆ R is countable with ∞-Borel code (S, ϕ), define the equivalence relation E on R by
x E y ⇔ (x = y) ∨ (x, y /∈ A).
E has an ∞-Borel code which is ODS . Then apply the first result to E.
Now work in ZF+ AD+ + V = L(P(R)). By Fact 2.5, every ODS set of reals has an ∞-Borel code which
is ODS . The result then follows from apply the earlier statements.
The final statement is not needed in this paper. However, the idea is that in natural models of AD+,
one can break an arbitrary set A into a uniform sequence of subsets which are surjective images of R. By
the assumption that A does not contain a copy of R, each of the pieces do not contain a copy of R. Then
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Theorem 3.2 uniformly gives a wellordering of each piece. These wellorderings are then coherently patched
together into a wellordering of the original set A. Recall that by Fact 2.3, natural models of AD+ either
take the form L(J,R) for some set of ordinals J or satisfy ADR. This patching for L(J,R) is relatively
straightforward. In the ADR case, it is more challenging and uses the unique supercompactness measure on
Pω1(λ) for each λ < Θ. See [1] or [4] for the details. 
Fact 3.4. Assume ZF+ AD+ + V = L(P(R)). Let δ be an ordinal and X be a set. Suppose R ⊆ P(δ)×X
is a relation so that for each N ∈ P(δ), the section RN = {x ∈ X : (N, x) ∈ R} is wellorderable, then R
has a uniformization.
In particular, if R ⊆ P(δ)× R is a relation so that each RN is countable, then R has a uniformization.
Proof. Using Fact 2.4 and the remarks preceding this fact, R is ordinal definable from some set of ordinals
S. So each RN is ordinal definable from the set of ordinals 〈S,N〉, where 〈·, ·〉 refers to some fixed way of
coding two sets of ordinals ino a single set of ordinals. Then Fact 3.3 implies that RN ⊆ OD〈S,N〉. The
canonical wellordering of OD〈S,N〉 gives a canonical wellordering of RN .
Although the hypothesis states that each RN is wellorderable without, a priori, a uniform wellordering,
one in fact does have a uniform wellordering of each section. The function that selects the least element of
RN using this canonical uniform wellordering of all sections of R is the desired uniformization function. 
4. Lower Bound on Cardinality
The following section gives a lower bound on the cardinality of disjoint unions of smooth equivalence
relations on R. (Later it will be shown that this fact characterizes those subsets of [ω1]
<ω1 which are in
bijection with a disjoint union of quotients of smooth equivalence relations.)
Fact 4.1. (ZF). Let κ be an ordinal. Let 〈Gα : α < κ〉 be a sequence of smooth equivalence relations. Then
R ⊔ κ injects into
⊔
α<κ R/Gα.
Proof. Let 0¯ ∈ R denote the constant 0 function. Let Φ : R→ R/G0 so that the image of Φ does not include
[0¯]G0 . Let Ψ : R ⊔ κ→
⊔
α<κ R/Gα be defined by Ψ(r) = Φ(r) if r ∈ R and Ψ(α) = [0¯]Gα if α ∈ κ. Ψ is an
injection. 
This lower bound is optimal by the following example.
Fact 4.2. (ZF) There is a sequence 〈Fα : α < ω1〉 of smooth equivalence relation such that
⊔
α<ω1
R/
Fα ≈ R ⊔ ω1.
(ZF+AD) There is a sequence 〈Fα : α < ω1〉 of smooth equivalence relation such that
⊔
α<ω1
R/Fα is not
in bijection with R× ω1.
Proof. Let WO denote the set of reals coding wellorderings. For each α < ω1, let WOα denote the set of
reals coding wellorderings of order type α. Define Fα by
x Fα y ⇔ (x /∈WOα ∧ y /∈WOα) ∨ (x = y).
All elements of WOα form singleton Fα-classes, and there is a single uncountable OD equivalence class
consisting of R \WOα.
Therefore,
⊔
α<ω1
R/Fα ≈ (
⋃
α<ω1
WOα)⊔ω1 = WO⊔ω1 ≈ R⊔ω1, where the copy of ω1 comes from the
large equivalence class for each α < ω1.
The second statement follows from the fact that under AD, R ⊔ ω1 is not in bijection with R× ω1. 
Using countable section uniformization for relations on [ω1]
ω × R given by Fact 3.4, [2] Fact 4.20 shows
that [ω1]
ω can not inject into a disjoint union of quotients of smooth equivalence relations with all classes
countable assuming ZF+ AD+. Section 7 will show under AD alone that [ω1]
ω can not inject into a disjoint
union of quotients of equivalence relations with all section countable by proving an almost full countable
section uniformization for relations on [ω1]
ω × R.
Countable section uniformization seems to be a powerful tool that allows disjoint unions of quotients of
smooth equivalence relations with all classes countable to be studied more easily. Each Fα from the sequence
〈Fα : α < ω1〉 from Fact 4.2 has only one uncountable class. Its disjoint union
⊔
α<ω1
R/Fα is in bijection
with R ⊔ ω1. A natural question asked in [2] was whether it is necessary to use equivalence relations with
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uncountable classes to produce a disjoint union which is in bijection with R ⊔ ω1. It is also natural to ask
if it is possible to determine the cardinality of a disjoint unions of quotients of smooth equivalence relation
with all classes countable.
It will be shown later that many subsets of [ω1]
<ω1 are disjoint unions of quotients of smooth equivalence
relations on R. In particularly, [ω1]
<ω1 itself is an ω1-length disjoint union of quotients of smooth equivalence
relations. Hence having all classes countable is necessary in the results of this paper.
First, it is elucidating to see why a natural attempt to use the argument in Theorem 3.2 Case II is unable
to produce a uniform sequence of embeddings of R into R/Fα, where 〈Fα : α < ω1〉 is the sequence of
equivalence relations from Fact 4.2.
Suppose 〈Eα : α < κ〉 is a wellordered sequence of equivalence relations. The most natural presentation of
such a sequence is as a relation R ⊆ κ×R×R defined by (α, x, y)⇔ x Eα y. Under AD
+, each Eα ⊆ R×R
has an ∞-Borel code. For the results of this paper, one will need to uniformly obtain an ∞-Borel code for
each Eα. It is unclear this can be done for any wellordered sequence of equivalence relations under just
AD
+. However, in models of ZF+ AD+ + V = L(P(R)), this will be possible. This motivates the following
definition.
Definition 4.3. Let κ ∈ ON and R ⊆ κ×R. An ∞-Borel code for R is a pair (S, ϕ) such that (α, r) ∈ R if
and only if L[S, r] |= ϕ(S, α, r).
A sequence 〈Eα : α < κ〉 of equivalence relations on R has an ∞-Borel code if and only if the relation
R(α, x, y)⇔ x Eα y has an ∞-Borel code.
Note that if (S, ϕ) is an ∞-Borel code for 〈Eα : α < κ〉, then uniformly from (S, ϕ), one can find formulas
ϕα so that (〈S, α〉, ϕα) is an ∞-Borel code for Eα (in the ordinary sense). (Here 〈S, α〉 is some fixed coding
of sets of ordinals so that S and α can be recovered.)
Fact 4.4. Under ZF+ AD+ + V = L(P(R)), for every κ ∈ ON and every relation R ⊆ κ × R, R has an
∞-Borel code.
Proof. By Fact 2.3 and Fact 2.4, every set is ordinal definable from some set of ordinals. Let S be a set of
ordinals so that R is ODS . Let Rα = {x : (α, x) ∈ R}. Each Rα is ODS . By Fact 2.5, each Rα has an ∞-
Borel code in HODS . Let (Sα, ϕα) be the least∞-Borel code for Rα according to the canonical wellordering
of HODS . Let U = {(α, β) : β ∈ Sα}. Then there is some ϕ so that (U,ϕ) is an ∞-Borel code for R in the
sense of Definition 4.3. 
Now suppose that 〈Eα : α < κ〉 is a sequence of smooth equivalence relations. Let (S, ϕ) be an ∞-Borel
code for this sequence. Hence uniformly, Eα has some ∞-Borel code (〈S, α〉, ϕα).
By the remark at the end of the proof of Theorem 3.2, an embedding of R into R/Eα can be produced
uniformly from a choice of X ∈ D so that the Case II assumptions holds and a fixed enumeration (Dn :
n ∈ ω) of the dense open subsets of O
L[〈S,α〉,X]
〈S,α〉 × O
L[〈S,α〉,X]
〈S,α〉 . Since for any α, L[〈S, α〉, X ] = L[S,X ] and
O
L[〈S,α〉,X]
〈S,α〉 = O
L[S,X]
S , one can drop the α. Thus one can uniformly find a sequence of injections of R into
R/Eα if one could find a single X ∈ D that witnesses the Case II assumption for all equivalence relations
Eα. With such a sequence, one could then inject R× κ into
⊔
α<κ R/Eα.
Now consider the sequence 〈Fα : α < ω1〉 from Fact 4.2. Note that ∅ can serve as the∞-Borel code for this
sequence. LetX ∈ D. RL[X] is countable. Hence there is some α < ω1 so that for all β > α, RL[X] ⊆ R\WOβ .
Hence for all β > α, every real of L[X ] belongs to the single ordinal definable uncountable class of Eβ . So for
all β > α, X can not serve as the witness to the Case II assumption. This shows why the natural attempt
to inject R× ω1 into
⊔
α<ω1
R/Fα ≈ R ⊔ ω1 must fail.
However, when 〈Eα : α < ω1〉 is a sequence of smooth equivalence relations with all classes countable,
this natural attempt does succeed.
For the next theorem, one will partition D into two disjoint sets D = Hα0 ∪ H
α
1 for various α’s. One of
the two sets belongs to the ultrafilter µ. The main task is to show that Hα0 is the one that belongs to µ.
Supposing for the sake of contradiction that Hα1 ∈ µ. The main trick is to code information from all the
local models HOD
L[S,X]
S into one single ordinal by using the wellfoundedness of the ultrapower
∏
X∈D ω1/µ.
This magical ordinal contains so much information that it can then be used to give an ODS definition for
the Eα-class, [a]Eα , where a /∈ ODS . Since [a]Eα is a countable ODS sets, this implies a ∈ ODS by Fact 3.3.
This yields the desired contradition. The details follow below:
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Theorem 4.5. Assume ZF+ AD+ + V = L(P(R)). Let κ ∈ ON and 〈Eα : α < κ〉 be a sequence of smooth
equivalence relations on R with all classes countable. Then R× κ injects into
⊔
α<κR/Eα.
Proof. By Fact 4.4, let (S, ϕ) be an ∞-Borel code for the sequence 〈Eα : α < κ〉. By the description above,
it suffices to find a single X ∈ D so that all α < κ, there is some a ∈ RL[S,X] so that a does not belong to
any Eα-component in O
L[S,X]
S .
Fix some a ∈ R which is not ODS .
Now for any α < κ, let Hα0 be the set of X ∈ D so that a does not belongs to any Eα-component of
O
L[S,X]
S . Let H
α
1 be the set of X ∈ D so that a does belong to some Eα-component of O
L[S,X]
S . Since µ is
an ultrafilter, either Hα0 ∈ µ or H
α
1 ∈ µ. Suppose that H
α
1 ∈ µ. Define f : D → ω1 by f(X) is the least β so
that a belongs to the βth Eα-component in O
L[S,X]
S if X ∈ H
α
1 , and f(X) is some default value otherwise.
Let F = [f ]∼ where ∼ is the µ-almost equal relation. Then [a]Eα is ordinal definable using S and F as
parameters since b ∈ [a]Eα if and only if for all representative f for F , for a cone of X ∈ D, b is Eα related
to some element in the f(X)th Eα-component in O
L[S,X]
S . By Fact 2.7,
∏
X∈D ω1/µ is wellfounded. Hence F
is essentially an ordinal. This shows that [a]Eα is ODS . Then [a]Eα is a countable ODS set of reals. Fact 3.3
implies that [a]Eα consists only of ODS elements. But a /∈ ODS by the initial choice of a.. Contradiction.
This shows that Hα0 ∈ µ.
Since for each α < κ, [a]Eα is OD
V
〈S,a〉, [a]Eα ⊆ HOD
V
〈S,a〉. Using the canonical wellordering of HOD
V
〈S,a〉,
let 〈bαǫ : ǫ < δα〉 be an injective enumeration of [a]Eα , where δα ∈ ON. For each α < κ, δα is less
than (2ℵ0)HOD
V
〈S,a〉 . Since V |= AD, (2ℵ0)HOD
V
〈S,a〉 is countable in V . In V , choose a bijection of ω with
(2ℵ0)HOD
V
〈S,a〉 . This bijection then induces canonically bijections Σα : ω → δα for all α < κ. Define rα ∈ R
by rα(〈n, k〉) = bαΣα(n)(k). Thus [a]Eα = {(rα)n : n ∈ ω} where (rα)n(k) = rα(〈n, k〉). But 〈rα : α < κ〉 is a
wellordered sequence of reals. Under AD, there are only countably many distinct rα’s. Thus {[a]Eα : α < κ}
is a countable set.
Note that if [a]Eα = [a]Eβ , then H
α
0 = H
β
0 . Therefore, by countable additivity of µ,
⋂
α<κH
α
0 ∈ µ. Let
X ∈
⋂
α<κH
α
0 . This is the desired degree X that witnesses the Case II assumption for all Eα. By the
remarks above, this allows for the construction of an injection of R × κ into
⊔
α<κ R/Eα which completes
the proof. 
5. Upper Bound on Cardinality
Definition 5.1. Let E be an equivalence relation on R. Let S be a collection of nonempty subsets of R. S
is a separating family for E if and only if for all x, y ∈ R, x E y if and only if for all A ∈ S, x ∈ A⇔ y ∈ A.
Definition 5.2. E0 is the equivalence relation
ω2 defined by x E0 y if and only if (∃m)(∀n ≥ m)(x(n) =
y(n)).
The following is Hjorth’sE0-dichotomy in AD
+ which generalized the classicalE0-dichotomy of Harrington-
Kechris-Louveau [5].
Fact 5.3. ([7] Theorem 2.5) Assume ZF+ AD+. Let E be an equivalence relation on R. Then either
(i) There is a wellordered separating family for E.
(ii) There is a Φ : R→ R with the property that x E0 y if and only if Φ(x) E Φ(y).
Proof. Note that option (ii) implies that R/E0 injects inR/E. Suppose option (i) holds. Let S = 〈Bα : α < δ〉
where δ is some ordinal be the given separating family. For each x ∈ R, let Ψ(x) = {α : x ∈ Bα}. Ψ induces
an injection of R/E into P(δ).
As usual in dichtomy results, there are two cases. One case yields the wellordered separating family and
the other case yields an embedding. For the purpose of this paper, one is more concerned with producing the
wellordered separating family. Moreover, one needs to observe that the wellordered separating family and
its wellordering is produced uniformly from the ∞-Borel code for E. The following will give the argument
to produce a wellordered separating family. The embedding case will be omitted as it is not relevant for this
paper.
Let (S, ϕ) be an ∞-Borel code for E. Regardless of the universe in consideration, E will always be
considered as the set defined by the ∞-Borel code (S, ϕ).
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(Case I) For all X ∈ D, for all a, b ∈ RL[S,X], if ¬(a E b), then there is an OD
L[S,X]
S C ∈ O
L[S,X]
S which is
E-invariant in L[S,X ] and a ∈ C and b /∈ C.
For each F ∈
∏
X∈D ω1/µ, define AF as follows: Let f : D → ω1 be such that f ∈ F , that is f is a
representative of F . For a ∈ R, a ∈ AF if and only if on a Turing cone of X ∈ D, a belongs to the f(X)th
E-invariant set in O
L[S,X]
S . (If there is no f(X)
th E-invariant OD
L[S,X]
S -set, then let this set be ∅.) Note
that AF is well defined.
AF is E-invariant: Suppose a, b ∈ R, a E b and a ∈ AF . Pick f ∈ F . Since a ∈ AF , there is some
Z ≥T [a⊕ b]T so that for all X ≥T Z, a belongs to the f(X)th E-invariant set in O
L[S,X]
S . Note b ∈ L[S,X ].
V |= a E b means that V |= L[S, a, b] |= ϕ(S, a, b). Hence L[S,X ] |= L[S, a, b] |= ϕ(S, a, b, ). Thus b also
belongs to the f(X)th E-invariant set in O
L[S,X]
S . Hence b ∈ AF .
By Fact 2.7,
∏
X∈D ω1/µ is wellfounded. Hence S = 〈AF : F ∈
∏
X∈D ω1/µ〉 is a wellordered set of
E-invariant subsets of R.
S is a separating family for E: Suppose a, b ∈ R and ¬(a E b). Define f : D → ω1 as follows. Let
Z = [a ⊕ b]T . If X ≥T Z, then let f(X) be the least ordinal α < ω1 so that the αth E-invariant set in
O
L[S,X]
S contains a but not b. Such an α exists from the Case I assumption. If X is not Turing above Z, then
let f(X) = ∅. Let F = [f ]∼, where ∼ is the µ-almost equal relation. Then AF ∈ S, a ∈ AF , and b /∈ AF .
In conclusion, one has shown that S is a wellordered separating family for E.
(Case II) There is some X ∈ D and some a, b ∈ RL[S,x] with ¬(a E b) such that there are no E-invariant
sets C ∈ O
L[S,X]
S so that a ∈ C and b /∈ C.
The idea is that this case assumption gives a natural condition in the forcing O
L[S,X]
S for which a perfect
tree of mutual O
L[S,X]
S -generic over HOD
L[S,X]
S below this condition serves as the desired embedding. The
details can be found in [7] and are omitted since this case is not relevant for the rest of the paper. 
Theorem 5.4. Assume ZF+ AD+ + V = L(P(R)). Let κ be an ordinal and 〈Eα : α < κ〉 be a sequence of
smooth equivalence relations on R with all classes countable. Then there is an injection of
⊔
α<κ R/Eα into
R× κ.
Proof. By Fact 4.4, let (U,ϕ) be an ∞ code for 〈Eα : α < κ〉. Uniformly from (U,ϕ), one obtains ∞-Borel
codes (〈U, α〉, ϕα) for each Eα. Since each Eα is smooth, R/Eα ≈ R. Since under AD, R/E0 does not
inject into R, Case I from the proof of Fact 5.3 must occur. The proof in Case I uniformly produces, from
(〈U, α〉, ϕα), a separating family Sα = 〈Aαγ : γ < δ〉 for Eα, where δ is the ordertype of
∏
X∈D ω1/µ.
Let Φα : R → P(δ) be defined by Φα(x) = {γ : x ∈ A
α
γ }. Since Sα is a separating family for Eα, Φα is
Eα-invariant. Thus Φα induces an injection Φ˜α of R/Eα into P(δ). Define a relation R ⊆ κ×P(δ)×R by
R(α,B, x)⇔ (B = Φα(x)) ∨ ((∀y)(B 6= Φα(y)) ∧ x = 0¯)
where 0¯ is the constant 0 sequence. For each (α,B) ∈ κ ×P(δ), the section R(α,B) is countable. Fact 3.4
implies that there is a uniformization function F : (κ×P(δ))→ R.
Define Ψ :
⊔
α<κ R/Eα → R× κ by Ψ([x]Eα) = (F (α, Φ˜α([x]Eα)), α). Ψ is an injection. 
Definition 5.5. Let X be a set. For n ∈ ω, let [X ]n= = {f ∈
nX : (∀i, j ∈ n)(i 6= j ⇒ f(i) 6= f(j)}. Let
[X ]<ω= =
⋃
n∈ω[X ]
n
=.
A set X has the Jo´nsson property if and only if for all f : [X ]<ω= → X , there is some Y ⊆ X with Y ≈ X
so that f [[Y ]<ω= ] 6= X .
Fact 5.6. Assume ZF+ AD.
([8], Holshouser and Jackson) R, R ⊔ ω1, and R× κ where κ < Θ have the Jo´nsson property.
([3]) R/E0 does not have the Jo´nsson property.
([2] Fact 4.23) For any κ < Θ, (R/E0)× κ does not have the Jo´nsson property.
Fact 5.7. ([2] Fact 4.13) Assume ZF + AD. Let κ ∈ ON. Let 〈Eα : α < κ〉 be a sequence of equivalence
relations on R with all classes countable. Let f : [
⊔
α<κ R/Eα]
<ω
= →
⊔
α<κ R/Eα. Then there is some perfect
tree p so that f [[
⊔
α<κ[p]/Eα]
<ω
= ] 6=
⊔
α<κ R/Eα.
([2] Theorem 4.15) R× κ has the Jo´nsson property for all κ ∈ ON.
11
If for every perfect tree p,
⊔
α<κ R/Eα ≈
⊔
α<κ[p]/Eα, then Fact 5.7 would imply that
⊔
α<κ R/Eα has
the Jo´nsson property. However, in general these two sets can not be in bijection since R/E0 does not have
the Jo´nsson property. In this particular case, the p satisfying fact 5.7 is not an E0-trees (see [3] Definition
5.2), i.e. a perfect tree with certain symmetry conditions.
Combining Theorem 4.5 and 5.4, one can determine the cardinality of disjoint unions of quotients of
smooth equivalence relations with all classes countable and show that they have the Jo´nsson property.
Theorem 5.8. Assume ZF+ AD+ + V = L(P(R)). Let κ ∈ ON and 〈Eα : α < κ〉 be a sequence of smooth
equivalence relations on R with all classes countable. Then
⊔
α<κR/Eα ≈ R× κ and hence
⊔
α<κ R/Eα has
the Jo´nsson property.
6. Disjoint Union of Quotients of Smooth Equivalence with Uncountable Classes
This section will show that in natural models of AD+ many subsets below [ω1]
<ω1 are in bijection with
disjoint unions of quotients of smooth equivalence relations on R. It will be shown that any subset of [ω1]
<ω1
that contains R ⊔ ω1 can be written in this way. The argument is similar to the example 〈Fα : α < ω1〉
produced in the proof of Fact 4.2. Note that each Fα has one uncountable equivalence class that holds the
reals that are not used for coding. In the following argument, the existence of a copy of ω1 is again used to
handle these classes.
Recall the distinction between smooth and weakly smooth from Definition 2.12. The first result of the
next theorem is proved in just ZF + AD. The quotients of the weakly smooth but not smooth Eα’s are
(non-uniformly) in bijection with a countable ordinal. The uniformity of ∞-Borel code will be important in
the argument to absorb these quotients of the weakly smooth but not smooth equivalence relations into ω1.
Thus it is unclear if the second statement of the next theorem is provable in just AD or AD+.
Theorem 6.1. Assume ZF+AD. Suppose X ⊆ [ω1]
<ω1 and ω1 injects into X. Then there exists a sequence
〈Eα : α < ω1〉 of weakly smooth equivalence relations on R so that X is in bijection with
⊔
α<ω1
R/Eα.
Assume ZF+ AD+ + V = L(P(R)). Suppose X ⊆ [ω1]<ω1 and R ⊔ ω1 injects into X. Then there exists
a sequence 〈Eα : α < ω1〉 of smooth equivalence relations on R so that X is in bijection with
⊔
α<ω1
R/Eα.
Therefore, X ⊆ [ω1]
<ω1 has a sequence 〈Eα : α < ω1〉 of smooth equivalence relations such that X ≈⊔
α<ω1
R/Eα if and only if R ⊔ ω1 injects into X.
Proof. Since ω1 injects intoX , letX = X0⊔X1 whereX1 is in bijection with ω1. Henceforth, sayX = X0⊔ω1.
Let WO denote the set of reals coding wellorderings on ω. Note that ωR is in bijection with R. For α < ω1,
let WOα be the set of j ∈ ωWO so that for all m 6= n, ot(j(m)) 6= ot(j(n)) and sup{ot(j(n)) : n ∈ ω} = α.
For α < ω1, let X
α
0 = {f ∈ X : sup(f) = α}. For each j ∈ WO
α, let Ψ(j) ∈ [α + 1]≤α be the increasing
enumeration of {ot(j(n)) : n ∈ ω}. Let Y α = Ψ−1[Xα0 ].
Define Eα on
ωR by
x Eα y ⇔ (x /∈ Y
α ∧ y /∈ Y α) ∨ (x ∈ Y α ∧ y ∈ Y α ∧Ψ(x) = Ψ(y))
Note that each ωR/Eα has one distinguished equivalence class corresponding to
ωR \ Y α. Denote this
class by ⋆α. (
ω
R/Eα) \ {⋆α} is in bijection with X
α
0 in a canonical way. Thus canonically there is a bijection
of
⊔
α<ω1
ωR/Eα with X0⊔ω1. Also since ωR/Eα injects into [α+1]≤α, which is in bijection with R, ωR/Eα
is either in bijection with R or is countable. (Note that this shows under ZF that any X ⊆ [ω1]<ω1 which
contains a copy of ω1 is a disjoint union
⊔
R/Eα where each R/Eα is either countable or in bijection with
R.)
By Fact 4.4, there is an ∞-Borel code (S, ϕ) for 〈Eα : α < ω1〉 in the sense of Definition 4.3. As before,
one can thus obtain uniformly the ∞-Borel code (in the ordinary sense) for each Eα.
Let A = {α ∈ ω1 : |ωR/Eα| = ℵ0}. The argument in Case I of Theorem 3.2 shows that uniformly in the
∞-Borel code for Eα for α ∈ A, there is a wellordering of ωR/Eα.
Let B = ω1 \A. B 6= ∅ since otherwise using the uniform wellordering of
ω
R/Eα for all α ∈ A = ω1, one
could produce a bijection of
⊔
α<ω1
ωR/Eα with ω1. It was shown above that
⊔
α<ω1
ωR/Eα is in bijection
with X0 ⊔ ω1 = X . However X contains a copy of R. Contradiction.
Using the uniform wellordering of ωR/Eα for all α ∈ A, the set K = {⋆α : α ∈ ω1} ∪
⋃
α∈A
ωR/Eα (these
two sets are not disjoint) is in bijection with ω1. If B is countable, then
⊔
α<ω1
ωR/Eα = K∪
⊔
α∈B
ωR/Eα is
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in bijection with R⊔ω1. By Fact 4.2, this set is a disjoint union of quotients of smooth equivalence relations
on R. Now suppose B is uncountable. Since K ≈ ω1, pick a bijection of K with {⋆α : α ∈ B}. Since⊔
α<ω1
ωR/Eα = K ⊔
⊔
α∈B(
ωR/Eα) \ {⋆α}, the map that sends K to {⋆α : α < ω1} via the fixed bijection
above and the identity on
⊔
α∈B(
ωR/Eα) \ {⋆α} is a bijection of
⊔
α<ω1
ωR/Eα with
⊔
α∈B
ωR/Eα.
It has been shown that X is a disjoint union of quotients of smooth equivalence relations. 
Of course, ω1 and R cannot be written as a wellordered disjoint union of quotients of smooth equivalence
relations. There are other examples.
Definition 6.2. Let S1 = {f ∈ [ω1]<ω1 : sup(f) = ω
L[f ]
1 }.
The next result is a consequence of very powerful dichotomy results proved in [15]. The following is an
explicit proof of this result.
Fact 6.3. ([15]) Assume ZF+ AD. R injects into S1, and ω1 does not inject into S1.
Proof. For each r ∈ R, consider it as a subset of ω. Let Ψ(r) be the subset ω
L[r]
1 consisting of r and all
infinite ordinals less than ω
L[r]
1 . Ψ(r) ∈ S1 and Ψ is injective as a function from R into S1.
Suppose Φ : ω1 → S1 is an injection. Φ can be coded as a subset of ω1. Note that sup({Φ(α) : α ∈
ω1}) = ω1 because otherwise Φ would be injecting into [α]<α for some α < ω1. The latter is in bijection
with R. This would imply that there is an uncountable wellordered sequence of reals. Also note that since
L[Φ] |= ZFC, ω
L[Φ]
1 < ω1. Therefore choose some α so that sup(Φ(α)) > ω
L[Φ]
1 . However Φ(α) ∈ L[Φ] so
ω
L[Φ(α)]
1 ≤ ω
L[Φ]
1 < sup(Φ(α)). This implies that Φ(α) /∈ S1. Contradiction. 
So in ZF+ AD+ + V = L(P(R)), S1 is not an ω1-length disjoint union of quotients of smooth equivalence
relations, but S1 ⊔ ω1 is.
7. Almost Full Countable Section Uniformization for [ω1]
ω × R
This section will show that |[ω1]ω| is not below |
⊔
α<κ R/Eα| if 〈Eα : α < κ〉 is a sequence of equivalence
relations on R with all classes countable under just AD. Note that by Theorem 5.8, ZF+ AD+ + V = L(P(R))
is capable of proving that such a disjoint union is in bijection with R×κ. It is much more evident that [ω1]ω
does not inject into R× κ.
Fact 7.1. ([2]) (ZF+ AD) Let κ be an ordinal. Let 〈Eα : α < κ〉 be a sequence of equivalence relations on R.
Let Φ : [ω1]
ω →
⊔
α<κ R/Eα. Let R ⊆ [ω1]
ω × R be defined by R(f, x) ⇔ x ∈ Φ(f). If there is a Z ⊆ [ω1]ω
with Z ≈ [ω1]ω and a Λ : Z → R so that for all f ∈ Z, R(f,Λ(f)), then Φ is not an injection.
Proof. See [2] Fact 4.19 and the subsequent discussions. 
Using some of the ideas above, one can prove in AD+, the (full) countable section uniformization for
relations on R× [ω1]ω: For every R ⊆ [ω1]ω×R such that Rf = {x ∈ R : R(f, x)} is nonempty and countable
for all f ∈ [ω1]ω , there is a uniformization function for R. Then Fact 7.1 gives the following result:
Fact 7.2. ([2] Fact 4.20) Assume ZF+AD+. Let κ be an ordinal and 〈Eα : α < κ〉 be a sequence of equivalence
relations on R such that each Eα has all classes countable. Then there is no injection Φ : [ω1]
ω →
⊔
α<κ R/
Eα.
For the Jo´nsson property, often uniformization on a sufficiently big set is enough for the desired result.
AD can prove an almost full uniformization result for relation on R×R. (For example, AD proves comeager
uniformization.) Fact 7.1 only requires that one can uniformize relations on [ω1]
ω × R on a set Z ⊆ [ω1]
ω
that has the same cardinality as [ω1]
ω. In general, this is impossible. By Theorem 6.1, every cardinal below
[ω1]
<ω1 that contains a copy of R ⊔ ω1, for example [ω1]ω , can be written as a disjoint union of smooth
equivalence relations. If this almost full uniformization exists for all relations on [ω1]
ω × R, then Fact 7.1
would imply that there is no injection of [ω1]
ω into [ω1]
ω.
The following will show in AD alone that one can prove almost full uniformization for relations on [ω1]
ω×R
with all sections countable. This will suffice to proves the statement of Fact 7.2 in AD alone.
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Definition 7.3. Fix a recursive bijection 〈·, ·〉 : ω × ω → ω. For x ∈ R, let (x)m ∈ R be defined by
(x)m(n) = x(〈m,n〉). Using the pairing function, one can also code relations on ω of various arity as a
subset of ω.
Let WO denote the reals coding wellorderings on ω.
Let WOω be the set of reals x so that for all n ∈ ω, (x)n ∈WO and for all m < n, ot((x)m) < ot((x)n). If
x ∈WOω, then let fx ∈ [ω1]ω be defined by fx(n) = ot((x)n). (Every element of [ω1]ω has a code in WO
ω).
Fix throughout, W ∈ WO to be a recursive wellordering of ordertype ω · ω. In context, α < ω · ω will
refer to the element of ω which corresponds to the ordinal α according to the wellordering W . Similarly in
context, < will refer to the wellordering given by W .
Let WOω·ω denote the set of x ∈ R so that for all n ∈ ω, (x)n ∈ WO, and for all α, β ∈ ω · ω, α < β
if and only if ot((x)α) < ot((x)β). (Here α and β refer to the natural numbers corresponding to α and β,
respectively, according to W .) If x ∈WOω·ω, let gx ∈ [ω1]ω·ω be defined by gx(α) = ot((x)α). Every element
of [ω1]
ω·ω is of the form gx for some x ∈WO
ω·ω.
If x ∈WOω·ω, let hx ∈ [ω1]ω be defined by hx(n) = sup{gx(ω · n+ i) : i ∈ ω}.
If g ∈ [ω1]ω·ω, then let g˜ ∈ [ω1]ω be defined by g˜(n) = sup{g(ω · n+ i) : i ∈ ω}.
If X ⊆ ω1, then WOX be the x ∈ WO so that ot(x) ∈ X . WO
ω
X and WO
ω·ω
X are defined as above with
WO replaced by WOX .
Suppose C ⊆ ω1 is closed and unbounded. Let
ωC = {sup{C(ω · α+ i) : i ∈ ω} : α < ω1}.
A C-witness for a f ∈ [ωC]ω, is a function g ∈ [C]ω·ω so that g˜ = f . A C-code for a function f ∈ [ωC]ω is
an x ∈ WOω·ωC so that hx = f . So a code in WO
ω·ω
C for any C-witness for f is a C-code. Every f ∈ [ωC]
ω
has a C-code.
Theorem 7.4. (AD) Let R ⊆ [ω1]ω × R be such that for all f ∈ [ω1]ω, Rf := {x ∈ R : (f, x) ∈ R} is
nonempty.
There exists a σ ∈ R and some closed and unbounded C ⊆ ω1, so that for all x ∈ WO
ω·ω
C so that
hx ∈ [ωC]
ω, there is some z ≤T x ⊕ σ so that R(hx, z). Moreover there is some formula ϕ so that for all
x ∈WOω·ωC with hx ∈ [ωC]
ω and z ∈ R, L[σ, x, z] |= ϕ(σ, x, y) implies R(hx, z).
Assume further that for all f ∈ [ω1]ω, |Rf | ≤ ℵ0. There exists some uncountable X ⊆ ω1 and function Ψ
which uniformizes R on [X ]ω: For f ∈ [X ]ω, R(f,Ψ(f)).
Proof. The first half of this argument is similar to Martin’s proof of the partition relation ω → (ω1)ω2 . The
second half is similar to the proof of Woodin’s countable section uniformization for relations on R × R as
exposited in [12].
Consider the following game: Player 1 and 2 take turns playing integers. Player 1 produces a real x.
Player 2 produces two reals y and z.
Player 1 x
Player 2 y, z
(As before, ordinals α < ω ·ω are considered natural numbers according to the fixed wellorderingW when
required in context.)
(Case A) If there is a least α < ω · ω so that
(i) (x)α /∈WO or ot((x)α) ≤ sup{ot((x)β), ot((y)β) : β < α} or
(ii) (y)α /∈WO or ot((y)α) ≤ sup{ot((x)β), ot((y)β) : β < α}.
Player 2 wins if and only if (i) holds.
(This means that one of the two players fails to ensure that every section of its own real codes a wellordering
or fails to produce a wellordering larger than the wellordering of all the previous sections of both reals. In
this case Player 2 wins if and only if Player 1 is the first to fail in this manner.)
(Case B) Suppose there is no such α as above. Define h ∈ [ω1]ω by h(α) = sup{ot((x)α), ot((y)α)}. Player
1 wins if ¬R(h˜, z).
This completes the definition of the payoff set of the game.
Claim 1: Player 1 does not have a winning strategy in this game.
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To see this. Suppose σ is a winning strategy for Player 1. For each α < ω · ω and β < ω1, let Bαβ
be the set of r ∈ WO so that there exists some y ∈ R and z ∈ R so that for all γ < α, (y)γ ∈ WO,
sup{ot((y)γ) : γ < α} < β, and if x is the result of Player 1 in σ ∗ (y, z), then r = (x)α. Bαβ is Σ
1
1 (using
a code for β as a parameter). By the boundedness principle, there is some δαβ < ω1 so that for all r ∈ B
α
β ,
ot(r) < δαβ . Let C be the set of η < ω so that for all α < ω · ω and β < η, δ
α
β < η.
Let f ∈ [ωC]ω. Pick some g ∈ [C]ω·ω so that g˜ = f . Let y ∈WO
ω·ω
C be such that gy = g. Let z ∈ Rf . Play
σ∗(y, z). Let x be the response produced by Player 1 according to σ. Define h(α) = sup{ot((x)α), ot((y)α)}.
By definition of C, ot((x)α) < ot((y)α). Thus h˜ = g˜ = f . Then R(h˜, z). Player 2 won. This contradicts σ
being a winning strategy for Player 1. This completes the proof of Claim 1.
Now suppose that σ is a winning strategy for Player 2. For each α < ω · ω and β < ω1, let Bαβ be the set
of r ∈ WO so that there exists some x ∈ R, so that for all γ ≤ α, (x)γ ∈ WO, sup{ot((x)γ) : γ < α} < β,
and if (y, z) is the response of Player 2 from x ∗ σ, then r = (y)α. Each Bαβ ⊆ WO and is Σ
1
1. By the
boundedness lemma, there is a least ordinal δαβ so that for all r ∈ B
α
β , ot(r) < δ
α
β . Let C be the closed and
unbounded set of η so that for all α < ω · ω and β < η, δαβ < η.
Now suppose x ∈WOω×ωC be such that hx ∈ [ωC]
ω. Use the player 2 stategy σ to play against x to produce
the play x ∗ σ. Let (y, z) be Player 2’s response from the play x ∗ σ. Let h(α) = sup{ot((x)α), ot((y)α)}.
Using the definition of C as before, h˜ = hx. Since σ is winning for Player 2, one has that R(hx, z). Note
that z ≤T x⊕ σ. From this description, one can allow ϕ(σ, x, z) to be the formula that asserts that there is
some y so that (y, z) is Player 2 response in the play x ∗ σ.
Now to prove the uniformization result: Assume that for all f ∈ [ω1]ω, |Rf | ≤ ℵ0. Let C be the club set
from above. By a result of Solovay ([13] Lemma 2.8), there is some w ∈ R so that C is definable in L[w]
from some fixed formula using w. Hence ωC is also definable in L[w]. Now suppose that f ∈ [ωC]ω. Let
x ∈WOω·ωC be such that hx = f . Suppose (y, z) is Player 2’s response in the play x ∗ σ.
Fix some X ≥T [x]T . In L[σ,w, f,X ], define the condition p ∈ 2O
L[σ,w,X]
σ,w,f,X by
p = {(a, b) ∈ R2 : L[σ,w, f, a, b] |= ψ(σ,w, a, b)}
where ψ(σ,w, f, a, b) asserts that a is a C-code for f and ϕ(σ, a, b). Note that one uses the real w to
speak about C in L[σ,w, f, a, b]. Note that p 6= ∅ since (x, z) ∈ p. (Note that z ≤T σ ⊕ x and hence
z ∈ L[σ,w, f,X ].) This shows that p is indeed a condition in 2O
L[σ,w,f,X]
σ,w,f .
Let τ denote the canonical name for the generic element of R2 added by 2O
L[σ,w,f,X]
σ,w,f .
Claim 2: There is a dense set of condition below p that determines the value of the second coordinate of
τ .
To prove this: Suppose not. Let p′ ≤ p be some condition so that no q ≤ p′ determines the second
coordinate of τ . Since AD holds and HOD
L[σ,w,f,X]
σ,w,f |= AC, (P(2O
L[σ,w,f,X]
σ,w,f ))
HOD
L[σ,w,f,X]
σ,w,f is countable in V .
In V , let 〈Dn : n ∈ ω〉 enumerate all the dense open subsets of 2O
L[σ,f,w]
σ,f,w that belong to HOD
L[σ,f,w,X]
σ,f,w . Let
π2 : R
2 → R be the projection onto the second coordinate.
Let p∅ ≤ p
′ be the least element below pmeetingD0 according to the canonical wellordering of HOD
L[σ,w,f,X]
σ,w,f .
Let m∅ = 0. Suppose for some σ ∈
<ω2, pσ and mσ have been defined. Since pσ ≤ p′, no condition extending
pσ can determine π2(τ). Thus there is some N > mσ and some least pair p0, p1 ≤ pσ so that, p0, p1 ∈ D|σ|+1,
p0 and p1 both decides π2(τ) ↾ N and pi  π2(τ)(Nˇ ) = iˇ (that is, decides the value at N differently). Let
mσˆi = N + 1 and pσˆi = pi for both i ∈ 2. This produces a sequence 〈pσ : σ ∈ <ω2〉.
For each r ∈ R = ω2, let Gr be the upward closure of {pr↾n : n ∈ ω}. Gr is a 2O
L[σ,w,f,X]
σ,w,f -generic filter over
HOD
L[σ,w,f,X]
σ,w,f . Also by construction, if r 6= s, then π2(τ)[Gr ] 6= π2(τ)[Gs]. For all r ∈ R, p ∈ Gr. Since p is a
condition of the form to apply Fact 2.9, one has that HOD
L[σ,w,f,X]
σ,w,f [Gr] |= L[σ,w, f, π1(τ [Gr ]), π2(τ [Gr ])] |=
ψ(σ,w, f, π1(τ [Gr ]), π2(τ [Gr)). By the absoluteness of the coding, π1(τ [Gf ]) is a C-code for f in V . By the
property of the formula ϕ (namely its upward absoluteness), one has that R(f, π2(τ [Gr ])) holds in V . Thus
it has been shown that for all r ∈ R, π2(τ [Gr ]) ∈ Rf . This contradicts |Rf | ≤ ℵ0. Claim 2 has been proved.
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Claim 3: HOD
L[σ,w,f,X]
σ,w,f ∩Rf 6= ∅.
To prove this: Since X ≥T [x]T , the real x and its associated z ≤T x ⊕ σ (picked above) belong to
L[σ, f, w,X ]. By Fact 2.9, let G be the 2O
L[σ,w,f,X]
σ,w,f -generic filter over HOD
L[σ,w,f,X]
σ,w,f so that τ [G] = (x, z).
Note that p ∈ G. So Fact 2.9 implies that R(f, z). Let D be the dense set below p from Claim 2. By
genericity, D ∩G. Hence there is some q ∈ D ∩G. Since q completely determines π2(τ), one has that for all
i ∈ 2, z(n) = i if and only if q  π2(τ)(n) = i. Since q ∈ 2O
L[σ,w,f,X]
σ,w,f , q is essentially an ordinal. This shows
that z is OD
L[σ,w,f,X]
σ,w,f . Claim 3 has been proved.
It has been shown that for all f ∈ [ωC]ω, there is a cone of X ∈ D so that Rf ∩ HOD
L[σ,w,f,X]
σ,w,f 6= ∅.
Claim 4: There is a function Φ : [ωC]
ω → R that uniformizes R on [ωC]
ω.
Fix an f ∈ [ωC]ω. Let Y ∈ D be a base of a cone of X ∈ D so that Rf ∩ HOD
L[σ,w,f,X]
σ,w,f 6= ∅. For
each n ∈ ω and i ∈ 2, let Ein be the set of X ∈ D such that X ≥T Y and if z ∈ R is the least element of
HOD
L[σ,w,f,X]
σ,w,f belonging to Rf , then z(n) = i. Since E
0
n ∩ E
1
n = ∅, E
0
n ∪ E
1
n is the set of all degrees above
X , and Martin’s measure µ is an ultrafilter, there is some an so that E
an
n ∈ µ. Let Φ(f) ∈ R be defined
by Φ(f)(n) = an. Using AC
R
ω, one can find a sequence of reals 〈xi : i ∈ ω〉 so that the cone above [xi]T is
contained in Eann . If X ≥T [
⊕
i∈ω xi]T , then Φ(f) is the HOD
L[σ,w,f,X]
σ,w,f -least element of Rf ∩HOD
L[σ,w,f,X]
σ,w,f .
In particular, R(f,Φ(f)). 
Corollary 7.5. (ZF + AD) Let 〈Eα : α < κ〉 be a sequence of equivalence relations on R with all classes
countable, then [ω1]
ω does not inject into
⊔
α<κ R/Eα.
Proof. This follows from Fact 7.1 and Theorem 7.4. 
The following result states that under AD, given any arbitrary function Φ : [ω1]
ω → R, one can find two
reals σ and w and a set X ⊆ ω1 with |X | = ω1 so that for all f ∈ [X ]ω, Φ(f) is constructible from σ, w, and
f .
Theorem 7.6. (ZF + AD). Let Φ : [ω1]
ω → R be a function. Then there is an uncountable X ⊆ ω1, reals
σ,w ∈ R, and a formula φ so that for all f ∈ [X ]ω, Φ(f) ∈ L[σ,w, f ] and for all z ∈ R, z = Φ(f) if and only
if L[σ,w, f, z] |= φ(σ,w, f, z).
Proof. Treating Φ as a relation, run the same argument as in Theorem 7.4. This produces the Player 2
winning strategy σ and a closed and unbounded set C. Let X = ωC. Using AD and a result of Solovay ([13]
Lemma 2.8), let w be a real so that C can be defined in L[w].
Let f ∈ [X ]ω. A C-code for f exists in any Coll(ω, sup(f))-generic extension of L[σ,w, f ]. Let τ be a
homogeneous name for a C-code for f . Homogeneous here means that for any formula ς , either L[σ,w, f ] |=
1Coll(ω,sup(f))  ς(τ) or L[σ,w, f ] |= 1Coll(ω,sup(f))  ¬ς(τ). (The real w is needed to speak about C in
L[σ,w, f ].) Define a real z by: n ∈ z if and only 1Coll(ω, sup(f)) forces that when Player 1 plays σ against
τ , if (y′, z′) is the response from Player 2, then n ∈ z′. By the homogeneity of Coll(ω, sup(f)) and the fact
that Φ is a function, one can show that 1Coll(ω,sup(f)) either forces the statement above or its negation. By
the definability of the forcing relation z ∈ L[σ,w, f ]. By definition of the game, z = Φ(f).
The description above also provides the formula φ. 
References
1. Andre´s Eduardo Caicedo and Richard Ketchersid, A trichotomy theorem in natural models of AD+, Set theory and its
applications, Contemp. Math., vol. 533, Amer. Math. Soc., Providence, RI, 2011, pp. 227–258. MR 2777751
2. W. Chan, Ordinal Definability and Combinatorics of Equivalence Relations, ArXiv e-prints (2017).
3. W. Chan and C. Meehan, Definable Combinatorics of Some Borel Equivalence Relations, ArXiv e-prints (2017).
4. William Chan and Stephen Jackson, L(R) with determinacy satisfies the Suslin hypothesis, Advances in Mathematics 346
(2019), 305 – 328.
5. L. A. Harrington, A. S. Kechris, and A. Louveau, A Glimm-Effros dichotomy for Borel equivalence relations, J. Amer.
Math. Soc. 3 (1990), no. 4, 903–928. MR 1057041
6. Leo Harrington, A powerless proof of a theorem of Silver, Unpublished.
16
7. Greg Hjorth, A dichotomy for the definable universe, J. Symbolic Logic 60 (1995), no. 4, 1199–1207. MR 1367205
8. Jared Holshouser, Partition properties for non-ordinal sets, Thesis.
9. S. Jackson, R. Ketchersid, F. Schlutzenberg, and W. H. Woodin, Determinacy and Jo´nsson cardinals in L(R), J. Symb.
Log. 79 (2014), no. 4, 1184–1198. MR 3343535
10. Thomas Jech, Set theory, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2003, The third millennium
edition, revised and expanded. MR 1940513 (2004g:03071)
11. Vladimir Kanovei, Borel equivalence relations, University Lecture Series, vol. 44, American Mathematical Society, Provi-
dence, RI, 2008, Structure and classification. MR 2441635
12. Richard Ketchersid, Paul Larson, and Jindrˇich Zapletal, Ramsey ultrafilters and countable-to-one uniformization, Topology
Appl. 213 (2016), 190–198. MR 3563079
13. Eugene M. Kleinberg, Infinitary combinatorics and the axiom of determinateness, Lecture Notes in Mathematics, Vol. 612,
Springer-Verlag, Berlin-New York, 1977. MR 0479903
14. Jack H. Silver, Counting the number of equivalence classes of Borel and coanalytic equivalence relations, Ann. Math. Logic
18 (1980), no. 1, 1–28. MR 568914
15. W. Hugh Woodin, The cardinals below |[ω1]<ω1 |, Ann. Pure Appl. Logic 140 (2006), no. 1-3, 161–232. MR 2224057
16. , The axiom of determinacy, forcing axioms, and the nonstationary ideal, revised ed., De Gruyter Series in Logic
and its Applications, vol. 1, Walter de Gruyter GmbH & Co. KG, Berlin, 2010. MR 2723878
Department of Mathematics, University of North Texas, Denton, TX 76203
E-mail address: William.Chan@unt.edu
Department of Mathematics, University of North Texas, Denton, TX 76203
E-mail address: Stephen.Jackson@unt.edu
17
